Pena Journal of Flow Dynamics 2, Issue 1 (2025) 1-12

Pena Journal of Flow Dynamics

PENA JOURNAL OF

Journal homepage: Flow
PENA CENDEKIA https://penacendekia.com.my/index.php/pjfd/ Dynamics

ww BUBLISHING ISSN: 3093-6802 Da—

Magnetic Field and Heat Generation Effects on the Squeezing Williamson
Hybrid Nanofluid Flow between Two Parallel Plates

Nurhanny Izlya Mohammad Fauzi®, Mohd Ariff Admon?”, Yasser Salah Hamed?

Department of Mathematics, Faculty of Science, Universiti Teknologi Malaysia, 81310 Skudai, Johor, Malaysia
2 Department of Mathematics and Statistics, Faculty of Science, Taif University, El- Haweiah, Saudi Arabia

ARTICLE INFO ABSTRACT
Article history: The current study intends to discuss on the effects of heat and magnetic fields on the
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Accepted 20 September 2025 flow. The study focuses on non-Newtonian Williamson fluid comprising of ethylene
Available online 28 September 2025 glycol C,Hg0, with two types of nano particles, copper and aluminium oxide
[Cu — Al,05]. Model involving two-dimensional, incompressible parallel plates are
considered in this study. Dimensionless ODE transmitted from modelled expressions
are utilized from several established transformations, then solved numerically using
bvp4c algorithm in MATLAB software. Validation of the results is then being compared
with the previously published research data which brings the data into an agreement.
The impact of various physical parameters is analysed through plots and tables. The
numerical results reveal that intensifying the squeezing parameter accelerates fluid
compression, thereby elevating skin-friction while simultaneously augmenting the
Nusselt number owing to steeper temperature gradients near the walls. A stronger
transverse magnetic field, on the other hand, induces a Lorentz drag that effects the
axial velocity, thickens the hydrodynamic boundary layer, and diminishes convective
heat transfer. Suction at the plates is shown to stabilise the boundary layer and
enhance cooling efficiency, whereas injection produces the opposite trend. Increasing
the Williamson parameter that attenuates viscoelastic resistance, lowers shear stress,

Keywords: and modestly raises the Nusselt number. The hybrid nanoparticle pair of Cu and Al,04
Williamson hybrid nanofluid; squeezing markedly boosts thermal conductivity relative to mono-nanofluids, offsetting the
flow; parallel pates adverse thermal effects of magnetic damping and internal heat generation.

1. Introduction

Fluids can be classified into Newtonian and non-Newtonian categories based on their rheological
behaviour. Newtonian fluids such as alcohol, motor air and water exhibit a linear relationship
between shear rate and strain rate as described by Newton’s law of viscosity [1]. However, for non-
Newtonian fluid such as the Williamson fluid, it is particularly significant due to the shear-thinning
properties that makes it a good fluid to function under various conditions [2]. Non-Newtonian fluid
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has gained significant importance due to the inherent limitations of the Newtonian fluids in various
mechanical applications [3].

The relationship between magnetic field and heat generation effect on the non-Newtonian fluids
causes a complex phenomenon on the boundary layer due to Lorentz force and altered thermal
performance [4,5]. The study of nanofluid particles has gained researchers attention due to the
enhanced thermal properties which is beneficial in the application of electronic cooling [6]. This is
due to the types of nanoparticles that are compounded in the base fluid which results in superior
thermal conductivity exhibited by the hybrid nanofluid particles in comparison to conservative
nanofluid [7]. In this study, nanoparticles used are being analysed for its behaviour under the
magnetohydrodynamic (MHD) squeezing flow between two parallel plates. This paper intends to fill
the research gaps in the analysis of MHD squeezing flow of Williamson hybrid nanofluid flow [8].

Studies have been conducted to study the behaviour of Williamson fluid under various conditions
[3]. However limited research has been done that focused on the effect of magnetic field and the
heat generation effects on non-Newtonian fluids [9]. Thus, the primary objective intends to discuss
the magnetic field and heat generation effect on the squeezing Williamson hybrid nanofluid flow
between two parallel plates.

Firstly, governing equation will be utilized to obtain the mathematical model for this problem.
This study uses copper and aluminium oxide nanoparticles in ethylene glycol as the base fluid where
the effects of magnetic field and heat generation were investigated on the fluid flow [6]. Then, partial
differential equation (PDEs) transformed into dimensionless ordinary differential equations (ODEs)
and is solved using the bvp4c algorithm is MATLAB software. Existing research are used to validate
the numerical results obtained by comparing skin friction coefficients and Nusselt number with
previously published data [10].

When fluid is being compressed between two surfaces, it is known as squeezing flow which is
commonly encountered in hydraulic machinery and lubrication systems [5]. It is crucial to understand
the combined effects of suction/injection, thermal radiation and magnetic effects to optimize the
industrial processes. In this research, the effects of magnetic field and heat transfer is discussed [9].

This research focused on the effects of various key parameters such as squeezing number Sq,
magnetic field M, suction/injection parameter S,stretching/shrinking parameter 4,heat source/sink
Q and nanoparticle concentration on velocity profiles and temperature distribution. Results obtained
have revealed that increase in Sq, A, M and We will raise the temperature profile while increase in §
leads to decrease in the velocity profile [2]. When value of We increases, inertial forcer from
squeezing effect will dominate over the magnetic resistance thus reducing the impact of Lorents
force’s impact [3]. This study lays a foundation for designing a complex thermal management system,
turbulent regimes. By integrating rheology, nanotechnology and magnetism, this research
exemplifies how fluid mechanics can solve real-world problems [1].

2. Mathematical Formulation
2.1 Governing Equations

Consider a two-dimensional, incompressible, magnetohydrodynamic (MHD) squeezing flow of
Williamson hybrid nanofluid between two parallel plates. The upper plate at y = h(t) = ’@
and lower plate situated at y = 0. The upper plate and lower plate can move simultaneously, stretch
. . _ Vf
with velocity of v, = 2 pan"
T; and T, while taking into account the possibility of fluid suction/injection at the lower plate, v,, =

The temperature are maintained at a fixed values represented by
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stretchable plate denotes u,, = %. Magnetic field strength is applied perpendicularly where

where v, > 0 represents suction and v, < 0 represents injection. Linear velocity at lower

B(t) = \/% at the lower plate. The governing conservation equations are as follows:

o Z—; =0 (1)
Z—‘:+uz—z+vz—;=Z:—;”;ZZTZ+\/§V]¢FZ—ZZZTZ—Z:—ZB(QZV )
Z—:+u3—i+v2—;=£—:}fﬁ(g)+ﬁﬁ—%) 3)
where, V = Z—Z - Z—;. The associate boundary conditions at the lower plate and upper plate are [11]:
u= llj’;t, = :Z’t,T =T,aty=0u=0,v= d’;(tt),T =T, aty = h(t). (4)

Here, u and v represent velocity on the x and y direction respectively while T denotes
temperature of hybrid nanofluid. Dynamic viscosity and density of hybrid nanofluid is denoted by
Unnf and ppy ¢ respectively. Williamson parameter is denoted by W and gy, represents the electrical
conductivity of the hybrid nanofluid. B(t) represents the magnetic field strength and thermal
conductivity is expressed as kp, s of the hybrid nanofluid. (pc,)nns represents the heat capacity of
hybrid nanofluid. Hence, T, represents the reference temperature whilst Q* represents the
coefficient of heat source/sink. This research involves immersing nanoparticles of copper and
aluminium oxide into Williamson hybrid nanofluid (Cu — Al,05;/C,Hg0,). Table 1 shows the
correlations of various properties that include dynamic viscosity, hybrid nanofluid, density, heat
capacity, electrical conductivity and thermal conductivity. The correlations in Table 1 and
thermophysical properties in Table 2 of both base of the fluid are referred from [13] to ensure
accuracy of the results as shown below.

Table 1
Correlations of hybrid nanofluid
Properties Hybrid Nanofluid
Dynamic viscosity _ ad
Hinr (1= )*5(1 — @3)*°
Density pune = (1= @)[(1 — @)pr + @1p51] + 92052
Heat capacity (PCpIunr = (1 = @)[(1 = @) (PCp)r + 91 (PCp)s1] + @2(pCp)s2
Electrical conductivity Ounr _ Osz2 T 20y — 2(Onp = O52) P2 Onr _ Os1+ 20np — 2(0nF — O51) P2
ONF sy + 205p + @2(Onp — 0s2) ' OF 051 + 20nr + @1 (OnF — O51)
Thermal conductivity kune  ksz + 2kyp — 2(knp — ks2) P2 kyp ks + 2kyp — 2(kp — Ks1) 1

kNF B kSZ + 2kNF + (kNF - kSZ) ' kF B kSl + 2kF + (kF - k51)‘P1




Pena Journal of Flow Dynamics
Volume 2, Issue 1 (2025) 1-12

Table 2
Thermophysical properties of base fluid and nanoparticles
Thermophysical Ethylene Glycol Aluminium Oxide Copper
properties C,H,0, Al,0, Cu
p(Kg/m3) 1115 3970 8933
C,JK/Kg) 2430 765 385
o(s/m) 1.10 x 10~* 3.69 x 107 5.96 x 107

k(W /mK) 0.253 40 400

2.2 Similarity Transformation

To transform the dimensional partial differential equations (PDEs) into nondimensional ordinary
differential equations (ODEs), the utilization of the following dimensionless variables as described is
utilized by Yasmin et al., [13].
b‘Vf

be b

vr(l—-at) !

T—-T;

3 5)

T,—T,

Y =

—Lxf(m), u==f'(), v=—Lf@), n=y o(n) =

Where T, represents the temperature of hybrid nanofluid flow. Next is the substitution of equation
(5) into equations (2), (3) and (4), ODEs and boundary conditions are:

' Uhnf ohnf/a
flv ,Dhnf/#f _ (1 — We flll) _flfll + fflll _ 5761 (Bf” + nflll) — Bt fMZf/I =0. (6)
/pf /pf
1 Knng/ky 1" m__Sq._nr Qo _
Pr ((pcp)hnf/(pcp)f> 0" + fH 5 T]Q + (pCp)hnf/(PCp)f =0 (7)
f'(0) =4,f(0) =$,6(0) =6, (8a)
fA=4fm=2061)=1 (8b)

A < 0 indicates shrinking and A > 0 indicates stretching, A = 0 represents fixed position of the lower
plate. Dimensionless parameters of the hybrid nanofluid include Prandtl number Pr, squeezing
parameter Sq, heat source/sink parameter Q, temperature ratio parameter §, magnetic parameter
M and suction/injection parameter S which are defined as followed:

pr=—Y_ _ sq=% =L ¢t 5_ (T :Uf_/gg,S_E

kf/(/’cp)f b (Pcp)f b

T (Tp-To)’ bps " bR’
Physical Quantities

The physical quantities of interest under consideration are the skin friction coefficient and the
Nusselt number are defined by [13].

u %
thf(g_y+g(g_y) )y=0
Cfx = - pFUa/ ’ (9)
khnfx(g_;)
— y=0
Nux - kf(Tf_Too) (10)
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Substituting equation (5) into equations (9) and (10), then the skin friction coefficient and Nusselt

number at the lowest and upper plates are,
1

Lower: CfoeEC = A (f"(0) + Wef"(0)?), (11a)
1
Upper: CfiReZ = A,(f"(1) + Wef"(1)?), (11b)
1
Lower: N, _Re,? = — (kz—"f) 6'(0), (12a)
f
1
Upper: N,,_Re, ? = — ("‘Z—;f) 0'(1). (12b)

. U Tb b I
Respectively, where Re, = =%, We = ad A, =L
vf 2(1-at) || Vf(1-at) ur

Numerical Computation and Validation

Equations (6), (7) and (8) are solved using the bvp4c solver in MATLAB. This problem is solved using
bvp4c to convert the ordinary differential equations, ODEs into a system of first-order ODEs by
introducing new variables.

(v1,y2,y3,y4,y5,¥6) = (f.f'. f",f'",0,6"). (13)

Hence, equations (6), (7) and (8) are represented as,

phnf/ C'hnf/
i iy | S
f(%) (1-Wef") [;q By3+ nyd) + (p—ff> M2y3 + y2y3 - y1y4],
/ﬂf /pf

(14)

"o_ (pcp)hnf/(pcp)f) Sq _ _ 1
o br < knng/ks l 2 T]y6 y1y6 Q ((pcp)hnf/(/’cp)f> ysl' (15)
subject to boundary conditions,
ya2 = 4, yal =S, ya5=3§, (16a)
yb2=0, yb1=3, yb5=1, (16b)

Where ya and yb represents the lower and upper plates of the boundary conditions respectively.
The appropriate value for step size of An = 0.01 and 14 =1.

Numerical results of skin friction coefficient are compared to previously published data to verify the
effectiveness of the bvp4c algorithm from MATLAB software. Table 3 and 4 shows the comparison of
the skin friction coefficient at both lower and upper plates with various values of M and S.
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Table 3
Comparison of values of lower plate, — (%) (1 —=wWe)f'""(0) with Pr=6.0,Sq=6=0, 1=1, ¢, »
f

0, p, » —oo, We - o, Q = 0, with various values of M and S

" ’ -(Bs) - werr o)
Ky
Present [11] [12]
0 0.5 7.411153 7.411153 7.411153
1 0.5 7.591618 7.591618 7.591618
4 0 4.587891 4.587891 4.587891
4 0.3 6.665662 6.665662 6.665662
4 0.5 8.110334 8.110334 8.110334
4 0.6 8.851444 8.851444 8.851444
4 1.0 11.948584 11.948584 11.948584
9 0.5 8.910096 8.910096 8.910096
Table 4

Comparison of values of upper plate, (,uhnf/uf)(l —We)f""(0)withPr=62, Sq=6=0, A=1, ¢, >
0, $, > —o, We - o, Q = 0, with various values of M and §

" ’ (B) = werr o)
Present [11] [12]

0 0.5 4.713303 4.713303 4.713303
1 0.5 4.739017 4.739017 4.739017
4 0 1.842447 1.842447 1.842447
4 0.3 3.653695 3.653695 3.653695
4 0.5 4.820251 4.820251 4.820251
4 0.6 8.851444 8.851444 8.851444
4 1.0 7.593426 7.593426 7.593426
9 0.5 4.964870 4.964870 4.964870

3. Results and discussion
3.1 Velocity and Temperature Profiles

The impacts of physical parameters such as non-Newtonian Williamson parameter We, squeezing
number Sq, suction/injection parameter 4, magnetic parameter M and heat source/sink parameter
Q on the velocity profile f'(n) and temperature profile 8(n) of fluid flow are analysed with respect
to other parameters. Figures 2a to 7b represents the analysis of parameter effects on hybrid
nanofluid with different parameter values. Consequently, parameters are set as follows; Pr = 6.2,
Sq=1,8S=051=1,¢p; =¢,=0.01,Q =0, M = 9.Hence for We case will be considered
where We = 1.0 represents Williamson hybrid nanofluid.
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Figure 2a depicted the velocity profile f'(n), across various Williamson parameter We of the fluid
flow. As We increases from 0 to 1.0, the velocity decreases at the lower plate n < 0.40 region
whereas it increases near the upper plate region n > 0.40 This indicates that a higher value of the
Williamson parameter We intensifies the shear-thinning behavior of the fluid, which increases the
resistance to flow in the core region between the plates. Therefore, the velocity near the upper plate
increases with higher We due to this squeezing effect. Figure 2b showed the influence of the
Williamson parameter We on the temperature profile 8(n). As We increases, a decrease in the
fluid temperature is observed throughout the plates. This occurs because a higher value of We
enhances the viscosity of the fluid.

In Figure 3a, the impact of squeezing number Sq is discussed for three different values of We, on
the velocity profile. As Sq increases for all the values of We, the velocity of fluid also increases. When
plates move apart at Sq < 0, indicates that fluid will respond freely to the non-Newtonian effects
from the widely spaced conditions which indicates weak squeezing effect. However, as Sg > 0 moves
closer together, it leads to increase in fluid velocity due to the strong squeezing conditions where
fluid accelerates more due to intense compression causing less significant We effect. Figure 3b
observed the effect of squeezing number Sq on the temperature profile. With the increasing value
of Sq, fluid temperature decreases near the lower plate at 7 < 0.65 while it increases near the
upper plate atn > 0.65 for three different Williamson values. Due to the greater kinetic energy.

The impact of suction/injection parameter S on the velocity profile f'(n) is shown in Figure 4a.
S < O represented injection and S > 0 represents suction. S < 0 increases fluid velocity near the
wall thus promoting separation of boundary layer with higher magnitude while S > 0 reduces fluid
velocity near the wall thus enhances momentum preservation in the boundary layer, preventing
separation at the boundary layer. In Figure 4b, behaviour of temperature profile 8(7) is illustrated.
From the graph, temperature of fluid increases simultaneously with different values of We which
indicates that temperature for suction is higher compared to injection.

Figure 5a illustrated the impact of various shrinking/stretching parameter 1 on the velocity f'(n).
A < 0 represents the shrinking at the lower plate while A > 0 signifies stretching of the lower plate.
At n < 0.3, velocity accelerates due to the plate’s motion while simultaneously decelerating after
1n > 0.3. From the various values of Williamson parameter, higher We amplifies the near-wall
momentum due to the shear-thinning behaviour resulting in flatter velocity distribution. Figure 5b
represented the effect of temperature profile 6(n) with various values of A. As lambda increases, it
is observed that there is a consistent increase in temperature for all values of We due to elevated
fluid temperature.

Figure 6a illustrated the impact of various magnetic parameter M on the velocity f'(n). The
increase values of M results into the decrease of velocity near the lower plate for various values of
We. When 1 > 0.45, the velocity increases simultaneously with the magnetic parameter M due to
the Lorentz force opposition. When a strong magnetic field is exerted, significant decrease is
observed in the lower plate of the fluid flow. The upper plate is not affected by the magnetic field
since it is only applied on the lower plate. Figure 6b observed the effects of magnetic parameter M
on the temperature profile 8(n). For all three different values of We, value of M increases. However,
decreasing the temperature distribution across boundary plates of fluid.

Figure 7a analysed the behaviour of the velocity profile f'(n) with various values of heat source/sink
parameter Q. Heat sink is indicated by Q < 0. Hence, @ > 0 indicates heat source. From the figure,
for lower values of Q at n < 0.4, velocity of fluid accelerates near the wall and at n > 0.5, fluid
decelerates away from the wall due to contraction of cooled fluid. For higher values of Q,at n <
0.4, velocity increases as heated fluid expands outward causing gradient to become Figure 7b showed
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the impact of heat source/sink on the temperature profile, 8(n). When Q > 0, thermal boundary
layer thickens due to expansion of fluid which causes temperature profile to increase.

— -~ We=0 09l
We=0.05
We=0.10
—== We=05
We=1.0

05F

f'(n)

03 032 034 036 038

05 . L L L 0 L L L L L
0 0.2 0.4 0.6 0.8 1 o 0.1 02 03 04 05 06 07 0.8 0.9 1

n

Fig. 1. Impact of Williamson parameter We on the (a) velocity f'(n) and (b) temperature 8(n) profiles

We1.0

Sq=1,35,7,9

L L L L L L L L
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0 L L L L
n 0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1

Fig. 2. Impact of squeezing parameter Sq on the (a) velocity f'(n) and (b) temperature 6(n) profiles

o 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

7 -0.2 .
o 0.1 02 0.3 04 05 0.6 07 08 0.9 1

Fig. 3. Impact of suction/injection parameter S on the (a) velocity f'(n) and (b) temperature 6(n) profiles
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Fig. 5. Impact of magnetic parameter M on the (a) velocity f'(n) and (b) temperature 6(n) profiles
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Fig. 6. Impact of heat source/sink parameter Q on the (a) velocity f'(n) and (b) temperature 8(n) profile
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Skin Friction Coefficient and Nusselt Number

The fluid flow research focused on the effects of squeezing number Sq, suction/injection
parameter S, stretching/shrinking parameter A, magnetic parameter M, heat source/sink parameter
Q, Williamson Parameter W, and nanoparticles concentration, ¢p; and ¢, . In non-Newtonian fluid
flow, important dimensionless parameter is discussed such as Nusselt number and skin friction
coefficient. Skin friction coefficient, C is defined by the shear stress present at the boundary layer of
the upper plates and lower plates whereas Nusselt number, Nu is the transfer of heat conductivity
across the boundary layer. Both parameters have a significant influence on the non-Newtonian fluid
behaviour such as the thermal properties, viscosity of fluid and characteristics flow. Effects of
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parameters involved on the skin friction and Nusselt number in the context of squeezing flow

between two parallel plates is discussed.

Table 4

Numerical values of skin friction coefficients and Nusselt number with various values of physical parameters

S¢ S 4 M We Q@ ¢ ¢ Cflee% CfoRe% NuxRe;l% NuxRe;Z%
1 01 1 1 10 05 001 001 08999883 -0.1998140 1.6112575 0.6563294
2 3.2658528  8.6652738  1.5379458  0.6088019
3 23.9077016 35.5392321 1.4530431 0.5737325
1 02 0.8388668 0.5997330 2.0366484  0.5405801
03 -15 59.6791375 13.4033251 1.1648232  0.9749895

0 27267240 0.2517128 1.8720213  0.6544418

1 5 7.2258010 1.1912840 2.4016912  0.4828620

10 11654965 3.7110394 2.5703035 0.4277146

11 41888767 16711733  2.4404305  0.4693726

0.5 0.0036010 1.8354221 2.4850195  0.4529105

0o 1 13.2065852 0.607390  2.4010882  0.4848358

10 15 41888767 16711733  2.4404305  0.4693726

05 01 01 22994030 2.9940992 3.0644002  1.1594675

02 02 154761175 58811160 4.2425753 2.3713434

4. Conclusion

This paper studied the magnetic field and heat generation effects on the squeezing Williamson
hybrid nanofluid between two parallel plates. This problem transformed dimensionless PDEs into
ODEs by using similarity transformation and is modelled using continuity, momentum and energy
equations. MATLAB’s bvp4c algorithm is used to model the numerical results obtained and are
validated by comparing it with published data to show notable agreement. The impact of various
physical parameters on velocity profile, temperature profile, skin friction coefficient, and Nusselt
number are graphically visualized. The significant findings of this study are as follows:

10



Pena Journal of Flow Dynamics
Volume 2, Issue 1 (2025) 1-12

(i)

(ii
(ii

When squeezing parameter Sq and heat source/sink parameter Q increase, it will increase
velocity of fluid while it is observed that fluid velocity is reduced when suction/injection
parameter S and magnetic parameter M is increased.

) Increase in the value of S,A4,M and Q will increase the temperature profile which
increasing values of Sq and We will lead to the decrease in temperature profile.

i) When Lorentz force increase, it causes reduction in velocity near the flow region hence
thickness of the momentum boundary layer will increase which causes rise in
temperature.

(iv) As We increases, fluid velocity will increase due to thinner velocity boundary layers and

(v
(v

(v

more efficient flow. Hence, it will cause decrease in temperature since less energy is
stored elastically.

) Increase in Sq, S and Q will increase Cy, due to the stronger compression between plates
which leads to enhanced shear stress.

i) When increase in the value of A and We, Crx will decrease from the greater internal
resistance and the stronger flow near the wall.

i) AsWe, A, M and Q increase, Nu, will increase due to the less resistant to shear, and more
dynamic nanoparticle motion which enhances thermal distribution.
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